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A B S T R A C T
Physics-informed neural networks (PINNs) offer a flexible alternative to classical numerical solvers
for partial differential equations, but their computational trade-offs remain incompletely quantified.
We present a controlled benchmark of PINNs and the Boundary Element Method (BEM) for two-
dimensional wave scattering problems governed by the Helmholtz equation, applying both approaches
to the same problem under identical conditions. BEM solutions are obtained through boundary
discretization and system assembly, while PINNs are trained by minimizing residuals of the governing
equation and boundary conditions, with network hyperparameters selected through optimization. At
comparable accuracy levels, BEM assembly and solution require on the order of 10−2 s, whereas
PINNs training incurs costs on the order of 102 s. Once trained, PINNs enable rapid field evaluation
at interior points, with inference times comparable to or faster than BEM. These results establish a
reproducible benchmarking procedure, providing quantitative guidance for comparing standard and
neural network-based methods.

Introduction
Partial differential equations (PDEs) are central to math-

ematical modeling and are used to represent physical pro-
cesses across a wide range of scientific and engineering
disciplines. In particular, wave scattering problems arise in a
broad range of fields, including acoustics, electromagnetism,
geophysics, and medical imaging. Numerical methods such
as the Finite Element Method (FEM) and the Boundary
Element Method (BEM) are commonly used to model
these problems, as they provide accurate approximations
of the solution [3, 5]. However, their computational cost
increases significantly for complex geometries or high-
frequency regimes, where fine spatial discretization is re-
quired to preserve accuracy.

These limitations have motivated the exploration of
alternative approaches, including machine learning-based
methods, which aim to reduce the need for fine discretization
and scale more efficiently with the dimensionality of the
problem [19]. Machine learning has increasingly been ap-
plied to the solution of forward problems governed by partial
differential equations. One popular approach is Physics-
Informed Neural Networks (PINNs) that incorporate the
governing equations and available data into the training
process [13, 6, 22]. PINNs have been used to approximate
solutions of PDEs such as the Helmholtz equation [7, 18].
However, their performance is often assessed in isolation,
without systematic comparison to established numerical
methods or using limited and potentially biased benchmarks.
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A systematic review in fluid mechanics reports that 79%
of machine learning solvers claiming superior performance
over traditional methods do not use adequate baselines [15].

Comparisons must be designed to avoid systematically
underestimating or overestimating the performance of either
approach. Results with these biases can be obtained by
comparing solution times across methods with different
accuracies, or by benchmarking against numerical methods
that are not optimal for the specific problem. Therefore, the
use of a strong, problem-appropriate baseline is essential
to assess the true capabilities and limitations of machine
learning methods for solving PDEs. For scattering problems
governed by the Helmholtz equation, the BEM provides a
particularly appropriate reference. In contrast to domain-
based methods such as FEM, BEM enforces the radiation
condition at infinity and requires discretization only on the
boundary of the scatterer. This reduces the dimensionality of
the problem and eliminates the need for artificial boundary
truncation. For these reasons, BEM is an appropriate base-
line for evaluating the performance of PINNs in the case of
scattering problems.

An important characteristic of machine learning meth-
ods such as PINNs is their potential to approximate solutions
beyond the stabilized training domain [4]. This allows the
model to estimate the solution at locations different from
the original training points. However, unlike BEM, PINNs
do not directly enforce the Sommerfeld radiation condition,
which can result in inaccuracies in the far field, such as incor-
rect decay of the scattered wave at large distances. To address
this issue, domain truncation techniques such as Perfectly
Matched Layers (PML) or Absorbing Boundary Conditions
(ABC) are typically employed [2, 3, 12]. Therefore, a direct
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comparison between methods is necessary to evaluate their
performance and to understand how each approach handles
the physical constraints associated with scattering problems.

Our study is framed within the broader question of: How
can machine learning–based approaches for solving partial
differential equations be compared with standard numerical
methods? In this context, we are particularly interested in
addressing the following research question: How do PINNs
and the BEM compare in terms of accuracy and computa-
tional efficiency for wave scattering problem? In this work,
we focus on this case, which serves as a canonical test in
computational physics. While the numerical experiments
are formulated for this specific problem, we propose a
methodological framework for comparison that applies to
other classes of partial differential equations and to both
numerical and machine learning–based solvers. Addressing
this question requires benchmarks that jointly account for
accuracy, computational cost, and generalization behavior.
Consistent evaluation criteria enable the identification of the
conditions under which each method is better suited to a
given problem.

In this work, we present a reproducible benchmarking
procedure between BEM and PINNs. The objective of the
comparison is to determine the range of conditions where
each method performs best and to outline their respective
advantages and limitations. Both approaches were applied
to the problem of plane wave scattering by an obstacle.
Particularly for PINNs, we adopt the original formulation
introduced by Raissi et al. [22], as a baseline for comparison.
We also implemented a hyperparameter optimization strat-
egy to the Helmholtz equation in wave scattering problems.
The behavior of each method was evaluated both within and
outside the training domain, with an emphasis on the asymp-
totic decay of the scattered field. With this work, we aim to
provide tools for comparative analysis in the field. By ex-
plicitly quantifying accuracy-efficiency trade-offs, this study
provides practical guidance for the use scientific machine
learning methods alongside classical numerical techniques.

Wave Scattering and the Helmholtz Equation
We consider the classical problem of acoustic wave scat-

tering by a single circular obstacle under a time-harmonic in-
cident wave [16]. The problem involves solving the Helmholtz
equation under boundary conditions that represent the in-
teraction between the incident wave and the obstacle. The
scattered wave field depends on the geometry of the obstacle
and the properties of the surrounding medium, which in
this case is unbounded. We illustrate this phenomenon in
the case of a long cylinder in Figure 1 (left). In numerical
methods based on spatial discretization, the infinite domain
is typically approximated by truncating the domain at a finite
distance from the obstacle and imposing special boundary
conditions to minimize artificial reflections. We begin by
considering the Helmholtz equation:

Δ𝑢(x) + 𝑘2𝑢(x) = 0, x ∈ ΩP , (1)
where 𝐱 ∈ ℝ2 is the spatial coordinate, 𝑢(𝐱) is the unknown
field, Δ is the Laplacian operator, 𝑘 = 𝜔

𝑐 is the wavenum-
ber, 𝜔 is the angular frequency, 𝑐 is the speed of sound
in the medium, and ΩP is the physical domain where the
wave propagates. It is important to note that the Helmholtz
equation models a time-harmonic regime. The formulation
assumes a steady-state oscillation at a fixed frequency 𝜔,
and the entire problem is posed in the frequency domain.
Figure 1 (right) shows the representation of the scattering
problem considering the domain truncation. The field is
obtained by considering the incident and the scattered fields
due to the interaction with the obstacle. Therefore, we write
it as:

𝑢(x) = 𝑢inc(x) + 𝑢sct(x) .

The incident wave is 𝑢inc, which is typically a known
function describing the incoming acoustic field. In our case,
it is a plane wave that we can write in polar coordinates as:

𝑢inc(𝑟, 𝜃) = 𝐴𝑒𝑖𝐤𝑟 cos 𝜃 , (2)
where 𝐴 is the amplitude and 𝑘 is the wavevector. Using the
Jacobi-Anger expansion, the variables of the right term can
be separated and expressed in Equation 2 as:

𝐴𝑒𝑖𝐤𝑟 cos 𝜃 = 𝐴
∞
∑

𝑛=−∞
𝑖𝑛𝐽𝑛(𝑟)𝑒𝑖𝑛𝜃 . (3)

Here, 𝐽𝑛 denotes the Bessel function of the first kind
of order 𝑛. The scattered wave 𝑢sct satisfies the Helmholtz
equation in the exterior of the obstacle and is subject to
a boundary condition at the obstacle surface. The specific
form of the boundary condition on the surface (at 𝑟 = 𝑟𝑖)depends on the type of obstacle. For a sound-hard obstacle,
the appropriate condition is of Neumann type:

∇𝑢(x) ⋅ n = 0, x ∈ ΓI. (4)
In this expression, 𝐧 denotes the outward unit normal

to the boundary ΓI. To ensure a well-posed problem in an
unbounded domain, the solution must also satisfy the Som-
merfeld radiation condition. In the case of a plane problem
it reads [24]:

lim
𝑟→∞

(

𝑟1∕2
(

𝜕𝑢(𝑟, 𝜃)
𝜕𝑟

− 𝑖𝑘𝑢(𝑟, 𝜃)
))

= 0, (5)

where 𝑟 is the radial distance from the center and 𝑢(𝑟, 𝜃)
is the solution to the Helmholtz equation. This condition
is mathematically required to ensure the uniqueness of the
solution, and thus the well-posedness of the problem. In the
case of domain-based methods, the radiation condition is im-
posed numerically by truncating the domain with an artificial
boundary ΓE and applying an ABC or PML to approximate
outgoing waves. The total acoustic field 𝑢(𝐱) must satisfy the
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Figure 1: Schematic representations of acoustic wave scattering by an obstacle. (left) Three-dimensional illustration of an incident
plane wave propagating toward a circular obstacle and generating a scattered field upon interaction with the interface. (right)
Two-dimensional computational model, where the scattered field 𝑢sct is generated by an incident wave 𝑢inc in the domain ΩP,
bounded internally by a circular interface ΓI of radius 𝑟i and externally by a square boundary ΓE of semi-length 𝑙e. The scattered
field is evaluated within the computational domain ΩP.

Helmholtz equation (equation (1)) in the physical domain
ΩP, the Neumann boundary condition on the surface of the
obstacle ΓI (equation (4)), and the Sommerfeld radiation
condition as 𝑟 → ∞ (equation (5)). Together, these three
conditions fully define the mathematical formulation of the
acoustic scattering problem in an unbounded domain.

Methods
This section presents two distinct numerical approaches

for solving the exterior Helmholtz problem: the BEM and
PINNs. We provide implementation details and discuss nu-
merical strategies for both methods. For PINNs, we detail
the procedure used for hyperparameter optimization in or-
der to define a suitable network configuration. Finally, we
outline the criteria used to compare the performance of both
approaches in terms of accuracy and computational cost. All
code used in this study is available in the public repository
at github.com/oscar-rincon/comparative-bem-pinns.
Boundary Element Method Solution

To solve this problem using the BEM, it is necessary to
formulate the integral equation for the exterior problem and
to establish the boundary conditions for a circular obstacle
under a plane incident wave [9, 10]. The following system of
integral equations on the boundary is formulated:

1
2
𝑢𝑖 +

𝑁
∑

𝑗=1
𝐻̂𝑖𝑗 𝑢

𝑗 =
𝑁
∑

𝑗=1
𝐺𝑖𝑗 𝑢

𝑗
𝑛,

where 𝑢𝑗 denotes the boundary solution at node 𝑗, and 𝑢𝑗𝑛its normal derivative with respect to the outward normal
direction. The influence coefficients 𝐻̂𝑖𝑗 and 𝐺𝑖𝑗 are defined

as
𝐻̂𝑖𝑗 = ∫Γ𝑗

𝜕𝑣(𝑝𝑖, 𝑞)
𝜕𝑛𝑞

𝑑𝑠

and
𝐺𝑖𝑗 = ∫Γ𝑗

𝑣(𝑝𝑖, 𝑞) 𝑑𝑠.

Here, 𝑝𝑖 is the 𝑖-th collocation point on the boundary, and
𝑞 is an integration point along the boundary element Γ𝑗 .The 𝑣(𝑝𝑖, 𝑞) being the Green’s function for the 2D Helmholtz
equation:

𝑣 = 𝑖
4
𝐻 (1)

0 (𝑘𝑟),

and

𝜕𝑣
𝜕𝑛𝑞

= − 𝑖𝑘
4
𝐻 (1)

1 (𝑘𝑟) cos𝜙.

where 𝑟 = ‖𝑝𝑖 − 𝑞‖ is the distance between the collocation
point and the integration point, and 𝜙 is the angle between
the outward normal vector at 𝑞 and the vector connecting 𝑞
to 𝑝𝑖. The solution at evaluation points is computed as:

1
2
𝑢𝑖pred =

𝑁
∑

𝑗=1
𝐺𝑖𝑗 𝑢

𝑗
𝑛 −

𝑁
∑

𝑗=1
𝐻̂𝑖𝑗 𝑢

𝑗 .

The influence coefficients are estimated numerically for
𝑖 ≠ 𝑗, while for the case 𝑖 = 𝑗, analytical corrections are
applied due to the singularity of the kernel. We consider:

𝐺𝑗𝑗 =

(

∫Γ𝑗

𝑖
4
𝐻 (1)

0 (𝑘𝑟)𝑑𝑠 − ∫Γ𝑗

1
2𝜋

ln 𝑟𝑑𝑠

)

+ ∫Γ𝑗

1
2𝜋

ln 𝑟𝑑𝑠, and 𝐻𝑗𝑗 =
1
2
.
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To approximate the boundary integrals in the computa-
tion of the influence coefficients 𝐺𝑖𝑗 and 𝐻̂𝑖𝑗 , we employ
Gaussian quadrature over each boundary element Γ𝑗 . Each
element is mapped to a reference interval, [−1, 1], and the
integral is computed as a weighted sum of the integrand
evaluated at specific quadrature points:

∫Γ𝑗
𝑓 (𝑠) 𝑑𝑠 ≈

𝑛𝑞
∑

𝑚=1
𝑤𝑚 𝑓

(

𝑠(𝜉𝑚)
)

|𝐽 (𝜉𝑚)|,

where 𝜉𝑚 and 𝑤𝑚 are the quadrature points and weights,
respectively, and 𝐽 (𝜉) is the Jacobian of the transformation
from the reference element to the physical coordinates. In
this work, a Gaussian quadrature rule with 𝑛𝑞 = 8 points is
employed for numerical integration.

First, the boundary was discretized into nodes and el-
ements. Then, the solution was computed in the domain
of interest, which consists of a uniform grid of evaluation
points.
Physics-Informed Neural Networks Solution

To solve the boundary value problem, we use PINNs to
approximate the scattered field 𝑢sct. Since the domain ΩP ⊂
ℝ2 is unbounded, an artificial boundary ΓE is introduced
to truncate the computational domain. On this boundary,
ABC is imposed to approximate the Sommerfeld radiation
condition (equation (5)):

∇𝑢sct(𝐱) ⋅ 𝐧 + 𝑖𝑘𝑢sct(𝐱) = 0, 𝐱 ∈ ΓE.

The full problem is given by the system:
Δ𝑢sct(𝐱) + 𝑘2𝑢sct(𝐱) = 0, 𝐱 ∈ ΩP, (6)

∇𝑢sct(𝐱) ⋅ 𝐧 + ∇𝑢inc(𝐱) ⋅ 𝐧 = 0, 𝐱 ∈ ΓI, (7)
∇𝑢sct(𝐱) ⋅ 𝐧 + 𝑖𝑘𝑢sct(𝐱) = 0, 𝐱 ∈ ΓE. (8)

Equations (6)–(8) define the physical constraints used
to construct the loss function in the PINNs method. A
neural network is constructed to approximate the solution
𝑢sct ∶ ℝ2 → ℂ, using two input variables (𝑥, 𝑦), and two out-
put variables corresponding to the real and imaginary parts
of the scattered wave: ℜ(𝑢sct(𝑥, 𝑦)) and ℑ(𝑢sct(𝑥, 𝑦)). The
network architecture is a multilayer perceptron implemented
in PyTorch [20], with weights initialized using the Glorot
uniform initializer to promote stable training. Training is
accelerated on a GeForce RTX 4060 GPU.

The loss function 𝐿T is constructed by enforcing the
residual of each governing condition at collocation points
distributed throughout the domain and its boundaries. In
our implementation, all components of the loss function are
weighted equally, i.e., no additional weighting coefficients
are introduced:

𝐿T = 𝐿ΩP + 𝐿ΓI + 𝐿ΓE .

The loss function is defined as the sum of squared resid-
uals evaluated at collocation points located in the interior

domain ΩP, on the obstacle boundary ΓI, and on the artificial
boundary ΓE:

𝐿ΩP = 1
𝑁ΩP

𝑁ΩP
∑

𝑖=1

‖

‖

‖

ΩP (𝐱P,𝑖)
‖

‖

‖

2
,

𝐿ΓI =
1

𝑁ΓI

𝑁ΓI
∑

𝑖=1

‖

‖

‖

ΓI (𝐱I,𝑖)
‖

‖

‖

2
,

𝐿ΓE = 1
𝑁ΓE

𝑁ΓE
∑

𝑖=1

‖

‖

‖

ΓE (𝐱E,𝑖)
‖

‖

‖

2
,

where the residuals are given by:
ΩP (𝐱) ∶= Δ𝑢sct(𝐱) + 𝑘2𝑢sct(𝐱),
ΓI (𝐱) ∶= ∇𝑢sct(𝐱) ⋅ 𝐧 + ∇𝑢inc(𝐱) ⋅ 𝐧,
ΓE (𝐱) ∶= ∇𝑢sct(𝐱) ⋅ 𝐧 + 𝑖𝑘𝑢sct(𝐱).

Here, 𝐱P,𝑖, 𝐱I,𝑖, and 𝐱E,𝑖 denote collocation points in
the interior, on the obstacle boundary, and on the arti-
ficial boundary, respectively. The collocation points are
distributed using a Latin hypercube sampling strategy. An
analysis of the sampling strategy, including a comparison
with an adaptive approach, is provided in Supplementary
Material S4 (PINNs sampling points analysis).

Both methods differ in their sampling strategies and
overall workflows used to estimate the solution. Figure 2
illustrates the implementation of BEM and PINNs for the
scattering problem. In the case of BEM, the elements are
uniformly distributed along the interior boundary of the
physical domain. The estimation process in BEM occurs in a
single computational cycle: it begins with the selection of the
number of integration and evaluation points, followed by the
assembly and solution of the boundary integral equations.
Finally, the solution is evaluated at the specified evaluation
points. In contrast, PINNs use randomly distributed training
points throughout the physical domain, including the inte-
rior, the interior boundary, and the exterior boundary. The
estimation process involves multiple optimization cycles,
during which the neural network coefficients are iteratively
updated to minimize the residuals of the governing equations
and boundary conditions.

The training process involves several hyperparameters,
including the learning rate 𝛼, the number of hidden layers
𝐿, the number of neurons per layer 𝑁 , and the activation
function 𝜎. These are collectively described by the hyperpa-
rameter vector

𝜆 = [𝛼,𝑁,𝐿, 𝜎],

where 𝜆 ∈ Λ and Λ denotes the Cartesian product of
the predefined hyperparameter ranges. The Adam optimizer
relies on gradient updates and is highly sensitive to the
choice of learning rate, which directly influences stability
and convergence speed during the initial training stage. The
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Figure 2: Illustration of the BEM and PINNs implementations for the scattering problem. (A) Distribution of boundary nodes and
elements for BEM, along with the spatial arrangement of evaluation points within the domain. Gray dots represent evaluation
points, while blue dots indicate collocation points on the boundary Γ𝐼 . (B) Sequential workflow of the BEM implementation.
The inputs are the number of elements for the boundary condition 𝑢𝑛 on 𝐱 ∈ Γ𝐼 and the number of evaluation points 𝑁𝑃 . The
boundary integral equation is solved to obtain the scattered field, which is then evaluated at the points 𝐱 ∈ Ω𝑃 . (C) Sampling
strategy in the physical domain for PINNs, including points in the interior Ω𝑃 and on the boundaries Γ𝐼 and Γ𝐸 . Gray dots
represent collocation points for the Helmholtz equation, while blue dots denote training points for the interior boundary condition
on Γ𝐼 . (D) Optimization process of the PINNs implementation for the Helmholtz equation. The neural network takes spatial
coordinates (𝑥, 𝑦) as input and outputs the real and imaginary parts of the scattered field 𝑢sct. The loss function enforces the
physics through the Helmholtz equation in Ω𝑃 , the Neumann boundary condition on Γ𝐼 , and the Sommerfeld radiation condition
on Γ𝐸 . The optimization loop updates the network parameters until the prescribed tolerance 𝜖 is reached.

network depth 𝐿 and width 𝑁 control the representational
capacity of the network to approximate more complex
functions. However, larger values of 𝐿 and 𝑁 increase
the number of optimization coefficients, which makes the
training process more computationally demanding and can
slow down convergence if not properly regularized. Finally,
the activation function 𝜎 affects both the expressiveness
of the network and the propagation of gradients, thereby
influencing the efficiency of the optimization process. Since
it governs the type of nonlinearities introduced at each layer,
its choice is particularly important in wave problems such as
the Helmholtz equation, where oscillatory behavior must be

represented accurately.
The ranges for each hyperparameter were selected based

on previous related studies in the PINNs literature, ensuring
that they encompass configurations known to provide stable
and accurate solutions for Helmholtz type problems [7, 18].
To determine the optimal configuration, we employed Op-
tuna [1], an automatic hyperparameter optimization frame-
work compatible with PyTorch. This procedure explored
variations in the learning rate, network depth and width,
activation functions, and boundary loss weights. The final
configuration was selected as the one that minimized the
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objective loss, which is given by the relative error of the
prediction.
Comparison strategy

We conducted numerical experiments to compare the
performance of the BEM and PINNs, focusing on solution
accuracy and computational cost. We followed a similar
approach to that of Grossmann et al. [8]. Both methods
were applied to solve the Helmholtz equation and were
systematically compared using a ground-truth solution for
the scattering obstacle provided in the Section S1 of the
Supplementary Material (Analytical Solution).

We evaluated the accuracy of BEM as a function of
boundary discretization by varying the number of elements.
Smaller element sizes lead to higher accuracy but increase
computation time. For PINNs, we controlled model capacity
by adjusting the number of layers and neurons per layer, and
assessed the corresponding effect on solution accuracy. The
expressiveness of a neural network depends on both its depth
and width.

We also estimated the computational time required for
both methods. In the case of BEM, this included the time
required to assemble and solve the boundary integral system,
as well as the time required to evaluate the solution at interior
points, while for PINNs, we measured training and evalua-
tion times separately. To compare computational efficiency
under similar conditions, we selected the BEM configuration
whose accuracy most closely matched that of the best-
performing PINN model obtained through hyperparameter
tuning.

We distinguish between solution time and evaluation
time because the BEM and PINNs approximate the solution
in different ways. In BEM, the solution is obtained by
discretizing the boundary and solving a boundary integral
system, while values in the domain are computed afterwards
through the numerical evaluation of boundary integral repre-
sentations. In contrast, in PINNs, a neural network is trained
using the collocation points distributed in the domain and on
the boundaries. Once the network is trained, the evaluation at
new points requires only a forward pass through the network,
which is faster than the training phase. For this reason, we
report separately the training and evaluation times in PINNs.

To analyze the generalization ability of PINNs beyond
the training domain and to assess how well each method
handles the radiation condition, we perform an additional
study. In this analysis, we evaluate the scattered field in a
region that extends beyond the training domain by com-
puting the numerical solution at a fixed propagation angle
while varying the radial distance from the scatterer. The
results obtained from both methods are compared against
the analytical solution to assess their accuracy in the far
field. We examine the radial decay of the wave amplitude
and the relative error as functions of distance, with particular

attention given to the role of domain truncation in the PINN
framework and its impact on solution accuracy at large
distances. Based on the results detailed in Section S2 of the
Supplementary Material (Hyperparameter Optimization),
the configuration 𝜆∗ = {𝛼 = 10−2, 𝑁 = 25, 𝐿 = 3, 𝜎 =
Sine} was selected. The hyperparameters were optimized
using Optuna over 50 trials, considering the following search
ranges: 𝛼 ∈ {10−2, 10−3, 10−4}, 𝐿 ∈ {1, 2, 3}, 𝑁 ∈
{25, 50, 75}, and 𝜎 ∈ {Tanh,Sigmoid,Sine}. The trained
PINN models used in this study are publicly available in a
Zenodo repository [23].

Results
In this section, we present the results obtained from the

analytical solution, BEM, and PINNs for the 2D Helmholtz
scattering problem. We vary the number of elements in BEM
to achieve comparable accuracy, enabling a fair comparison
of computational time. Then, we evaluate the accuracy of
both methods outside the training domain to assess their
generalization capability. The results highlight the perfor-
mance of each approach in estimating the scattered field
within and beyond the training domain. All experiments
were performed on machines equipped with 10 CPU cores
/ 20 threads (13th Gen Intel Core i9-13900H @ 3.40 GHz)
and an NVIDIA GeForce RTX 4060 Laptop GPU.
Comparison of Accuracy and Computational
Efficiency Between Methods

We conducted a comparative analysis of the BEM and
PINNs for solving the two-dimensional Helmholtz equation,
focusing on both solution accuracy and computational effi-
ciency under varying parameters. To ensure reproducibility
of the accuracy metrics, a fixed random seed was applied
during model initialization and training. To account for
runtime variability, each experiment was repeated 10 times
and the average execution time was reported.

We tested BEM with the number of elements ranging
from 5 to 45 in increments of 5, and PINNs with network
configurations varying from 1 to 3 hidden layers and 25 to 75
neurons per layer in increments of 25. These ranges are suffi-
cient to capture the error reduction trends and to identify the
achievable accuracy scales without making the computation
excessively expensive. The remaining hyperparameters of
the PINN were fixed according to the optimal configuration
identified during the hyperparameter optimization stage.

Figure 3 (top) illustrates the relation between relative
error and computational time for BEM and PINNs. As
expected, finer discretization in BEM improves accuracy
but also increases computational cost. The assembly and
solution time for BEM spans from the order of 10−1 to
10−2 s across the tested values of 𝑛, while the evaluation
time required to compute the solution at interior points is
of 10−1 to 100 s. For PINNs, training times varied between
101 and 102 s, whereas evaluation times were on the order
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Figure 3: Performance evaluation of BEM and PINNs. (Top) Relative error versus computational time for BEM and PINNs. For
BEM, the reported times correspond to the assembly and solution of the boundary integral system and the subsequent evaluation
of the solution at interior points. For PINNs, training time and evaluation time are reported separately. Shaded horizontal bands
indicate the ranges between the minimum and maximum times for each category. Labels on the right identify the four groups:
PINN (training), BEM (evaluation), BEM (solution), and PINN (evaluation). The green highlighted points correspond to the
selected configurations, (𝐿 = 3, 𝑁 = 25) for the PINN and 𝑛 = 15 for the BEM, used for direct comparison of computational
costs. (Middle) Spatial distributions of the relative error in amplitude and phase for the selected BEM and PINN configurations.
(Bottom) Relative error as a function of 𝑘𝑟𝑖 for both methods.

of 10−2 s.
For the computational time comparison, we selected the

BEM configuration that achieved the closest accuracy to the
optimal PINN solution. Specifically, the PINN with 3 layers
and 25 neurons reached a relative error of 7.44×10−2, while
the closest BEM result was obtained with 𝑛 = 15, yielding
7.25 × 10−2. Figure 3 (middle) shows the field error for
both methods using these configurations. For BEM, the error
tends to increase near the interior boundary of the obstacle,
whereas for PINNs, errors are mainly concentrated in re-
gions closer to the exterior boundary, where the domain was
truncated. We extended the analysis to different frequencies
Figure 3 (bottom). While BEM maintains consistently low
errors across the range of 𝑘𝑟𝑖. PINNs accuracy exhibits a

stronger sensitivity to increasing wavenumber.
In the selected case, the assembly and solution of the

BEM system required a computational time on the order of
10−2 s, making it approximately four orders of magnitude
faster than the training time of the PINN, which was on the
order of 102 s. This highlights the high computational cost
of PINNs associated with the optimization process during
training. However, once trained, the PINN model can be
evaluated in about 10−2 s, which is approximately two orders
of magnitude faster than the evaluation of the BEM solution
at interior points, which requires on the order of 100 s.
This makes PINNs particularly well suited for applications
requiring repeated simulations or near real-time inference.
When considering the total computational cost, the PINN
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requires 289.92 s (training and evaluation), while the BEM
requires 2.06 s (assembly and evaluation), confirming that
the overall cost remains dominated by the PINN training
stage. Additional analyses complementing these results are
provided in Supplementary Material S3.

A central objective of this work was to compare the
performance and characteristics of traditional numerical
methods and machine learning-based approaches for solving
wave scattering problems using a fair baseline. In comparing
BEM to PINNs, we addressed two common pitfalls identi-
fied in the literature on ML-based PDE solvers [15].

First, we ensured that both methods were evaluated
at comparable accuracy levels. In the case of the PINN
approach, this required an hyperparameter tuning procedure
to identify a configuration yielding optimal predictive per-
formance. Once this reference accuracy was established, the
number of elements in the BEM solution was progressively
increased until a comparable level of accuracy was achieved.
Subsequently, the computational cost of both methods was
assessed, thereby satisfying the requirement of comparing
methods at either equal accuracy or equal computational
cost.

Second, to avoid misleading conclusions due to the use
of suboptimal numerical baselines, we employed BEM as
the reference method, a well-established solver for wave
scattering problems. BEM is particularly effective for prob-
lems in unbounded domains. In the case they are governed
by the Helmholtz equation, it allows the exact enforcement
of the Sommerfeld radiation condition through the use of
fundamental solutions. Additionally, BEM reduces the di-
mensionality of the problem by requiring discretization only
on the boundary, which is computationally advantageous in
unbounded domains. This choice ensures that the traditional
method is not only accurate but also representative of state-
of-the-art efficiency for the class of problems considered.

By fulfilling these conditions, our comparative study
provides a fair and informative assessment of the trade-offs
between both solvers. While BEM demonstrates superior
performance in terms of runtime for forward problems,
PINNs offer a flexible framework that can be applied to a
wide range of scientific and engineering problems, particu-
larly due to the availability of open-source implementations.
PINNs employ a mesh-free formulation in which the residu-
als of the governing equations are minimized at randomly
sampled collocation points, allowing flexibility in spatial
resolution. In contrast, classical methods such as BEM
require mesh refinement to achieve higher accuracy. The
proposed PINN framework also presents limitations. In par-
ticular, the trained model is problem-specific and depends
on the geometry considered during training. Therefore, it
cannot be directly evaluated on other geometry without
retraining the model. This limitation is further compounded
by the fact that retraining PINNs can be computationally

expensive due to long training times, as shown in Figure 3,
which restricts their practical applicability. Nonetheless, in
scenarios that require repeated evaluations of the same PDE,
such as in inverse problems, the relatively fast evaluation
time of trained PINNs can be advantageous.

It is also important to acknowledge a limitation of this
comparison regarding the measurement of computational
cost. In this work, efficiency was assessed primarily through
wall-clock time, which, although widely adopted in the
literature, inherently depends on the characteristics of the
hardware and system configuration used to perform the
experiments. This makes the results sensitive to differences
across machines and may reduce the generalizability of the
reported results. A hardware independent approach would
be relevant to complement wall-clock time with algorith-
mic complexity analysis or with estimates of the number
of floating-point operations (FLOPs), thereby providing a
clearer separation between the intrinsic efficiency of the
methods and the capabilities of the underlying hardware.
Nevertheless, reporting execution time remains a practical
and frequently used benchmark for empirical comparisons,
and thus it was employed in this study.

The hyperparameter tuning performed presented in the
Section S2 of the Supplementary Material (Hyperparame-
ter Optimization) provides further insight into potentially
suitable sets of hyperparameters for this problem. However,
it is important to note that the performance of PINNs also
depends on additional hyperparameters not considered in
this work, such as the total number of training iterations and
the relative weights of the loss terms. Even with dedicated
tuning procedures, the high dimensionality of the design
space introduces variability and limits the reproducibility
and comparability of results.

These factors imply that comparisons between BEM
and PINNs should be interpreted in the context of specific
problem setups and computational constraints. While BEM
yields consistent solutions with relatively low sensitivity
to parameters, PINNs require additional effort in model
selection and optimization to achieve competitive accuracy.
A possible alternative to further improve accuracy would be
the incorporation of Fourier features, which have been found
appropriate to mitigate spectral bias; however, the purpose
of this work was to implement the method as originally
proposed. An additional possible approach would be to adopt
a multi-objective perspective, taking into account not only
accuracy but also computational complexity.

Generalization Beyond the Training Domain
To evaluate the generalizability of both methods in an

extended region of the domain, we computed the solution
beyond the original training area. Figure 4 shows the am-
plitude and phase of the predicted fields, as well as the
spatial distribution of the relative error. For the BEM, the
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Figure 4: Scattered field computed by BEM and PINNs outside the training region. The first two rows show the amplitude (top)
and phase (second row) of the scattered field. For each method (BEM on the left, PINNs on the right), the left panel displays the
predicted field, while the right panel shows the relative error normalized by the maximum of the reference solution. The square
indicates the training domain, corresponding to 𝑙𝑒 = 𝜋. The third row corresponds to BEM and the fourth row to PINNs. In each
case, the left panel shows the relative amplitude error along the line 𝑦 = 0 as a function of 𝑥 ∈ [𝜋, 10𝜋], while the right panel
presents the average relative error computed over square ring intervals with semi-lengths ranging from 𝜋 to 10𝜋. For BEM, a
zoomed-in view is included to highlight small error variations.

relative error increased to 7.27×10−2 in the extended region.
The error remained uniformly distributed, suggesting that
the method maintains consistent accuracy even far from
the obstacle. Additionally, an exponential decay of the field
amplitude was observed with increasing distance from the

scatterer.
This behavior reflects the global nature of BEM, which

inherently enforces the boundary conditions over the entire
domain. In contrast, PINNs experienced a marked reduction
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in accuracy when evaluated outside the training domain. The
relative error increased to 7.09, and the error distribution
clearly showed high values in the region outside the training
domain.

An important distinction between BEM and PINNs lies
in how each method handles the radiation condition, which
governs the behavior of the scattered field at large distances.
In BEM, this condition is satisfied exactly by construction
through the use of the fundamental solution in the boundary
integral formulation. This allows for an accurate computa-
tion of the far-field response without requiring additional
assumptions. In contrast, PINNs do not explicitly enforce
the radiation condition. Instead, they approximated it using
domain truncation techniques, such as the ABC used in this
work, which may not fully capture the correct asymptotic
behavior of outgoing waves.

This limitation directly affects the generalization capac-
ity of PINNs beyond the training region. In the current im-
plementation, collocation points are sampled randomly and
uniformly within the physical domain. While this strategy is
straightforward, it does not prioritize regions where the radi-
ation condition is most critical, particularly near the artificial
boundary. As a result, PINNs may not accurately represent
the far-field response, especially outside the domain used
during training. This lack of generalization is a known lim-
itation of neural network-based models, which approximate
solutions only within the region where they are trained.
Alternative sampling strategies, such as a generative point
sampling strategy [11], or boundary-focused distributions or
adaptive collocation schemes, could help mitigate this issue
and improve the enforcement of far-field behavior.

Conclusions
In summary, while BEM ensures accuracy through the

direct satisfaction of physical conditions and dimensional
reduction, PINNs offer flexible implementation through
the configuration of their loss function, but require careful
hyperparameter tuning and strategic sampling to achieve
reliable results. Although BEM outperforms PINNs when
considering solution time and accuracy, the strengths of each
method are complementary, motivating the exploration of
hybrid approaches that combine the robustness of boundary-
based formulations with the adaptability of neural networks.

Recent advances in computational modeling have inte-
grated neural networks as function approximators, supported
by automatic differentiation and GPU acceleration. These
machine learning techniques offer advantages such as mesh-
free implementation, efficient inference, and flexibility to
incorporate data into the solution process.

Our comparative analysis demonstrates that PINNs re-
quire significantly longer training times than BEM to achieve
comparable accuracy. This computational cost limits their

practical use for forward simulations. However, hybrid
approaches that combine the strengths of both frameworks
may offer improved performance, particularly in inverse
problems, where repeated model evaluations and parameter
estimation are required.

In future work, we aim to investigate hybrid model-
ing methods that combine the physical accuracy of BEM
with the flexibility of neural networks, building on recent
developments in boundary-based and physics-informed ap-
proaches [17, 21, 14]. Specifically, we propose to replace the
differential operator in the PINN loss function with a bound-
ary integral formulation. For the Helmholtz equation, this
approach enables the direct incorporation of the Sommerfeld
radiation condition into the training process, improving the
model’s ability to generalize beyond the training domain
and ensuring accurate predictions in unbounded regions.
Moreover, this formulation is particularly advantageous in
inverse problems, where enforcing correct far-field behavior
is essential for achieving stable and physically consistent
reconstructions.
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